We show the theoretical limitations of a multi-axial nulling interferometer with respect to longitudinal polarization. We furthermore analyze the filtering capabilities of a single-mode fiber in this case.
INTRODUCTION
Direct detection of Earth-like exoplanets is very challenging, mainly because of the huge brightness contrast between the star and the planet (10 6 at 10 µm and significantly larger in the visible) and their small angular separation (typically 0.1 arcsec). To meet this challenge, a technique called nulling interferometry has been proposed in 1978 by Bracewell. 1 This promising technique consists in observing a star-planet system with an array of telescopes and then combining the light from these telescopes in such a way that destructive interference occurs for the star light and (partially) constructive interference for the planet light. The ratio between the intensities corresponding to constructive and destructive interferences, the so-called rejection ratio, should be of the order of at least 10 6 in order to detect a terrestrial planet.
In order to create interference, light from different telescopes must be combined. With conventional bulk optics, there are two types of beam combiners: uni-axial 2 and multi-axial 3, 4 (see Fig. 1 ). In a uni-axial combiner, beams are superimposed with beam-splitters to form one beam which is directed to the detector. In a multiaxial combiner, the non-superimposed beams are imaged with a common focusing optics and overlap only in the image plane, where detection takes place. The advantage of the latter is that combination could be implemented with mirrors only and can therefore be achromatic. Also, this combination scheme is easily generalized to any number of beams while it can be quite complicated with uni-axial combiners. However, in some configurations, a longitudinal component of the electric field will limit the performance of the nulling interferometer.
Another key aspect in nulling interferometry is wavefront filtering: in order to create a quasi-perfect destructive interference, the wavefronts of the interfering beams must be quasi identical. In a multi-axial beam E-mail: J.F.P.Spronck@tudelft.nl combiner, an efficient way to perform wavefront filtering is to place a single-mode optical fiber at the focus of the focusing optics. 5 Indeed, when coupled into a single-mode fiber, light only excites the fundamental mode of the fiber and this holds for any incoming wavefront. The field distribution is therefore identical for all beams within a factor, the so-called complex coupling efficiency.
In this paper, we show the theoretical limitations of a multi-axial nulling interferometer with respect to longitudinal polarization. In Section 2, we present a simple approach to illustrate the longitudinal polarization issue. In Section 3, we use rigorous diffraction theory to quantitatively characterize the problem in the case of two-and three-beam interferometers. In Section 4, we analyze the filtering capabilities of a single-mode fiber with respect to that issue. In Section 5, we study performances of polarization-based nulling interferometers and finally our conclusions are summarized in Section 6.
RAY TRACING
In this section, we use a simple ray tracing approach to illustrate the longitudinal polarization problem in a multi-axial beam combiner.
Consider two monochromatic linearly polarized beams with equal amplitudes. In order to have on-axis destructive interference, a π-phase shift must be introduced between the beams.
Using a simple ray tracing model, 6 we can show that the focusing optics will rotate the wave vectors (k 1 and k 2 ) and therefore the vibration planes of the two beams (see Fig. 2 ). Depending on the initial polarization, a longitudinal field will be created at focus. Indeed, if the beams are linearly polarized along the baseline (xpolarized) and are out-of-phase, we can see on Fig. 2 that the resulting vector at focus is non-zero and purely longitudinal (z-direction). This non-zero longitudinal field will be detected and will limit the rejection ratio and therefore the performance of the nulling interferometer. If the initial polarization is perpendicular to the baseline (y-polarized), the electric field remains transversal and the resulting on-axis energy density is zero. In this case, the rejection ratio is theoretically infinite. 
ELECTRIC FIELD DISTRIBUTION
In this section, we use rigorous diffraction theory to perform an analysis of the three-dimensional electric field distribution in the focal plane of the focusing optics.
Let us consider a weakly-aberrated and aplanatic imaging system with the object at infinity. If we consider a monochromatic time-harmonic electric field, we can calculate the electric field distribution in the focal plane of the focusing optics using diffraction integrals described by Ignatowsky 7 and re-derived by Richards and Wolf.
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Given a certain field distribution in the entrance pupil, the three-dimensional electric field distribution in the focal plane E(r, φ), where r and φ gives the position in the focal plane in radial coordinates, can easily be calculated. 9, 10 Once we know the three-dimensional electric field distribution (E x (r, φ),E y (r, φ) and E z (r, φ)), we can calculate the electric energy density in the focal plane U(r, φ) using
If we assume an infinitely-small mono-pixel detector, the rejection ratio can be defined by the ratio between the maximal and the on-axis electric energy density,
Nulling interferometry can be performed with any number N of beams. However, in this section, we will only consider two-and three-beam nulling interferometers. We will also study the influence of the numerical aperture of the imaging system.
We consider in all simulations linearly polarized beams with equal and constant amplitudes (top-hat distribution). The diameter of the beams is D = 2 cm and the wavelength is 600 nm. The focusing optics that we simulated has a focal length f = 60 cm and the distance between the beams in the entrance pupil, called the baseline, is L = 5 cm. The values of the different parameters have been chosen to match our table-top experimental set-up.
Two-beam interference
In this case, we consider combination of two beams, with baseline along the x-axis and linear polarization either along the x-or the y-axis. Furthermore, we introduce a π-phase shift between the two beams in order to have on-axis destructive interference.
The normalized amplitudes of the three-dimensional electric fields in the focal plane for polarization parallel (x) or perpendicular (y) to the baseline are respectively depicted in Fig. 3 (a) and 3(b). In this case, all transverse components of the electric fields are equal to zero on-axis. When the polarization is perpendicular to the baseline (see Fig. 3(b) ), the on-axis longitudinal field is also equal to zero implying that the detected on-axis energy density U(r = 0, φ) is equal to zero. The rejection ratio is therefore infinite. When the polarization is along the baseline (see Fig. 3(a) ), the on-axis longitudinal component is no longer equal to zero and therefore the rejection ratio is limited (R = 575 in the example of Fig. 3(a) ). Keeping in mind that the aim is to reach a rejection ratio of 10 6 , this clearly shows a fundamental limitation of a multi-axial nulling interferometer.
Three-beam interference
In this case, we consider the combination of three beams regularly spaced on a circle of diameter L = 5 cm. In order to have on-axis destructive interference, the phases of the different beams have been respectively chosen to be equal to 0, 2π/3 and 4π/3.
The field distributions for x− and y−polarizations are depicted in Fig. 3(c) and 3(d) . In the three-beam case, the on-axis longitudinal field is always non-zero. Therefore, the rejection ratio of such a three-beam multi-axial nulling interferometer is always limited (R = 2300 in the example of Fig. 3(c) and 3(d) ).
Influence of the numerical aperture
It is obvious from the ray-tracing approach that the amplitude of the longitudinal component depends on the angles at which the beams hit the focal plane. Therefore, the rejection ratio should depend on the numerical aperture of the focusing optics. In this case, we can define an effective numerical aperture (N A ef f ) as the ratio between the semi-baseline L/2 and the focal length of the focusing optics f ,
We first consider the combination of two beams out of phase and linearly polarized along the baseline. We can see that the rejection ratio (see Fig. 4, (dots, solid line) ) is inversely proportional to the square of the effective numerical aperture. In order to have a rejection ratio of 10 6 , the numerical aperture of the system should be of the order of 10 −3 , which is not realistic for an actual set-up.
For a three-beam combiner, the rejection ratio is a little bit higher (see Fig. 4 , (squares, solid line)) but still inversely proportional to the square of the effective numerical aperture.
In a real nulling interferometer with a typical numerical aperture of 0.06 (in order to match the numerical aperture of the single-mode fiber), the corresponding rejection ratio is of the order of 10 2 for two beams and 10 3 for three beams, which is definitely too low for Earth-like exoplanet detection.
FILTERING USING SINGLE-MODE FIBERS
In Section 3, we studied the electric field distribution in the focal plane of the focusing optics and we concluded that the rejection ratio of a multi-axial nulling interferometer can be drastically limited due to longitudinal polarization. However, a wavefront filter is needed to have quasi-perfect destructive interference. In the case of multi-axial nulling interferometry, an efficient way to perform wavefront filtering, as we mentioned in Section 1, is to focus the light from the different beams into a common single-mode fiber. This fiber will affect the field distribution and therefore also the rejection ratio. In this section, we study the filtering capabilities of a singlemode fiber with respect to longitudinal polarization issues.
If we neglect losses inside the fiber, the output field of an optical fiber can be described in terms of complex coupling efficiencies. 5 Consider an incoming field focused onto a single-mode optical fiber. The incoming electric field E inc (x, y) excites the mode of the fiber with a certain (complex) strength, namely the complex coupling efficiency. Using a rigorous expression for the three-dimensional fundamental mode 11 and for the three-dimensional coupling efficiency, 10 we can find the electric field distribution inside the fiber and therefore the total output power.
Knowing the electric field distributions in the focal plane of the focusing optics for both constructive and destructive interferences, we can calculate the output powers corresponding to constructive (P out,+ ) and destructive (P out,− ) interferences. The rejection ratio after fiber filtering is then given by
In this section, we will consider combination of two and three beams. In all simulations, Fresnel losses at the fiber interfaces and losses inside the fiber are neglected. In our simulations, we used a wavelength of 600 nm and a step-index single-mode fiber with numerical aperture N A = 0.125 and core radius a = 1.2 µm. We assume a core material with a refractive index n co = 1.45.
Two-beam interference
Consider two-beam combination for the case of destructive interference, the field distributions obtained in Section 3.1 and depicted in Fig. 3(a) and 3(b) are such that the coupling efficiencies are rigorously equal to zero for both polarizations implying that no light is coupled into the fiber. 10 The rejection ratio is therefore theoretically infinite for both polarizations.
In the case of an on-axis two-beam multi-axial nulling interferometer, the fiber does not only act as a wavefront filter but also solves the longitudinal polarization issue. A single-mode optical fiber is therefore an essential part of such an interferometer.
Three-beam interference
We now consider three-beam combination. The field distribution in the focal plane that is coupled in the fiber is the one obtained in Section 3.1 and depicted in Fig. 3(c) and 3(d) . In this case, some light will be coupled into the fiber in such a way that perfect destructive interference is not possible. The rejection ratio will be limited for both polarizations.
The rejection ratio as a function of the effective numerical aperture is depicted in Fig. 4 (squares, dotted  line) , where we kept the same definition for the effective numerical aperture as in Section 3.3. The rejection ratio after fiber filtering is now inversely proportional to the fourth power of the effective numerical aperture (see Table 1 ). In an actual set-up, a typical numerical aperture would be N A ef f = 0.06, which should allow a rejection ratio of the order of 10 6 .
In a three-beam multi-axial nulling interferometer, the fiber does not completely solve the longitudinal polarization issue. However, it still filters out a large part of the incoming field in such a way that the rejection ratio is high enough to allow Earth-like planet detection. The single-mode optical fiber is also in this case an essential component of a multi-axial nulling interferometer. . Rejection ratio as a function of the effective numerical aperture in the case of two beams (dots, solid line) and three beams (squares, solid line) without fiber filtering and in the case of three beams after the fiber (squares, dotted line). In the two-beam case, polarization is along the baseline. For three-beam combination, the rejection ratio is similar for both polarizations. The two-beam case after fiber filtering is not depicted since the rejection ratio is theoretically infinite.
POLARIZATION-BASED MULTI-AXIAL NULLING INTERFEROMETERS
In the previous sections, destructive interference was achieved by shifting the phase between the beams while keeping the polarization constant. The phase of the different beams were chosen to create on-axis destructive interference. However, we can show that destructive interference could also be obtained by rotation of the polarization. 12 In this section, we will analyze the performances of a polarization-based multi-axial nulling interferometer.
Consider N telescopes (N > 1) regularly positioned on a circle. All beams have equal amplitudes and phases and are linearly polarized. On-axis destructive interference is obtained by properly rotating the polarization of the beams. The polarization A j of the j th beam is chosen to be
We can easily show that, depending on the position of the beams, an on-axis longitudinal electric field can be created in the focal plane of the multi-axial beam combiner. As in the case of phase-based multi-axial nulling interferometers (see Section 3), the rejection ratio would be limited if there was no wavefront-filtering optical fiber. In this case, the rejection ratio would also be inversely proportional to the square of the effective numerical aperture (see Table 2 ).
However, if we use an optical fiber in the focal plane of the focusing optics, we can show that the coupling efficiency for such a polarization-based interferometer would be equal to zero. The rejection ratio would therefore be theoretically infinite for any number N of beams. This would still hold if the initial polarizations of the beams were perpendicular to the polarizations defined in Eq. (5) . In a multi-axial nulling interferometer based on polarization rotation, the fiber also entirely solves the longitudinal polarization issue for any number of beams and any incoming polarization.
SUMMARY AND CONCLUSIONS
We performed a three-dimensional electric field analysis in the focal plane of a multi-axial nulling interferometer using rigorous diffraction and waveguide theories. The different results are summarized in Table 1 and in Table 2 .
Two beams (X-baseline) Three beams Table 1 . Dependence of the rejection ratio as a function of the numerical aperture for phase-based nulling interferometers.
With fiber ∞ Table 2 . Dependence of the rejection ratio as a function of the numerical aperture for nulling interferometers based on rotation of the polarization.
We have shown that a longitudinal field is created by the focusing optics. In the case of a two-beam interferometer, the longitudinal component would drastically limit the rejection ratio if beams were initially linearly polarized along the baseline. Infinite rejection ratio is possible when the polarization is perpendicular to the baseline. For a three-beam multi-axial combiner, the rejection ratio is limited for both polarizations. We further have shown that the rejection ratio is inversely proportional to the square of the numerical aperture of the system. In a typical set-up with a N A ef f = 0.06, the rejection ratio would be of the order of 10 2 − 10 3 in dual-polarization mode.
We also have investigated the filtering capabilities with respect to the longitudinal polarization issue of a single-mode optical fiber in focus of a multi-axial beam combiner. In the case of a two-beam multi-axial beam combiner, the rejection ratio is theoretically infinite for both polarizations. The fiber is therefore an essential component of a two-beam multi-axial nulling interferometer since it does not only act as a wavefront filter but also solves the problem of the longitudinal polarization. However, for three-beam combination, light will be coupled into the fiber. The rejection ratio is therefore limited for both polarizations and is inversely proportional to the fourth power of the numerical aperture of the system. With a typical N A ef f = 0.06, the rejection ratio would be of the order of 10 6 . In this case, the fiber does not completely filter out the longitudinal field. However, the amount of light coupled in the fiber in the case of destructive interference is sufficiently low to allow Earth-like exoplanet detection. Therefore, a single-mode fiber is also essential in the three-beam case.
We finally analyzed multi-axial nulling interferometers based on rotation of the polarization. For this type of nulling interferometers, the rejection ratio is limited and inversely proportional to the square of the numerical aperture if no optical fiber is present. However, if a single-mode optical fiber was used for wavefront filtering, the coupling efficiency with this fiber would be equal to zero for destructive interference. Therefore, the optical fiber solves completely the longitudinal polarization problem for any number of beams and any initial polarization. A single-mode fiber is also an essential part of such a polarization-based nulling interferometer.
With this study, we have shown a fundamental limitation of multi-axial beam combiners, which can be solved by means of fiber filtering. We also conclude that longitudinal field should not prevent direct detection of Earth-like exoplanets.
